The Dependence of Raman Gain on Pump - [5] . Carman et al. [2] and Akhmanov et al. [2] have shown that, in the absence of dispersion in the Raman medium, Raman gain is independent of the pump laser bandwidth. The effect of dispersion is to introduce a finite acceptance bandwidth Raman gain which may be much larger than the spontaneous Raman linewidth. In this paper the Raman gain dependence upon pump linewidth was derived from a set of coupled mode equations analogous to those previously applied by Harris [6] - [ 8 ] to parametric oscillator theory. The coupled mode equations are derived from the classical polarizability theory of Raman scattering originally formulated by Placzek [9] .
We have experimentally verified the expected linewidth independence of Raman gain. The measurements were made with a variable bandwidth Nd :YAG laser pump source in H2 gas. The bandwidth of the laser was varied from much less than to much greater than the Raman linewidth in Hz.
Threshold behavior was investigated for both rotational and vibrational transitions in room temperature Hz gas in the pressure range from 0 to 8 atm. The experimental results are presented in Section 111 following the discussion of the theory based on the coupled mode approach.
THE COUPLED MODE ANALYSIS A. Derivation of the Coupled Mode Equations
In the polarizability model of Raman scattering, the optical fields are coupled to a molecular vibration by the nonlinear polarizability of a Raman active molecule. This simple model gives a good physical picture of stimulated Raman scattering. Like the electron on a spring model of the atomic susceptibility, the polarizability model gives correct results except for a population difference factor and the magnitude of the Raman gain. Appropriate quantum mechanical correction factors may be added to correct the polarizability theory results. The molecular polarizability is defined by
where 3 is the dipole moment induced in a molecule by the applied electric field g. For simplicity, the polarizability is assumed to be a scalar rather than a tensor. Suppose that (Y is a function of the vibrational coordinate Q of the molecule.
The polarizability can be expanded in a Taylor's series about the equilibrium position
The first term of the series accounts for the index of refraction in the medium. The second term in the series allows coupling between vibration in the molecule and optical fields.
The molecular vibration is assumed to behave as a dampled harmonic oscillator which is described by the equation
where w, is the vibrational resonant frequency, I' is the vibrational damping constant equal to the FWHM Raman linewidth AwR , M is the reduced mass of the molecule, and F(z, t ) is the driving term. A possible solution to this equation is a propagating plane wave
ik,z-iw,t
Since the individual molecules are not coupled together, the group velocity dw/dk is zero. Hence, k , is not restricted to any particular value. The electric fields in the medium propagate according to the wave equation where ?is the induced polarization in the medium. A laser often oscillates simultaneously at more than one axial mode frequency. As an approximation to the laser output, the pump and Stokes waves are expressed as a sum over an arbitrary number of plane wave modes propagating in the same direction: In the slowly varying amplitude approximation, the nth Stokes mode grows according to is the k vector mismatch of the nth mode and Ao, E opnopo = os, -wso is the detuning of the nth mode. For a gas with low dispersion, we may make the additional approximation that where where np and n, are the indexes of refraction at the pump and Stokes frequencies and c is the velocity of light.
The potential energy of a molecule in the presence of an electric field is A similar set of equations can be derived for the depletion of the pump field. The induced polarization in the Raman medium at the nth pump frequency is produced by mixing of the nth Stokes mode with the vibration: Once again applying the slowly varying amplitude approximation, the depletion of the nth pump mode is given by Since the off resonance terms have a negligible effect on the molecule, they are neglected. The expression for the driven harmonic oscillator is Q+r&+0,2Q=--
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Equations (14), (18), and (22) are the coupled equations governing the vibrational Stokes and pump complex amplitudes. It is possible to give a physical interpretation of the coupled equations. Examination of (1 4) shows that the pump and Stokes waves act in pairs to drive a vibrational wave in the medium. As the pump and Stokes wave driving pairs propagate through the medium, they become unavoidably dephased by dispersion (the exp(-iAknz) term), leading to a reduction in the magnitude of the driven vibration. Each mode mixes with the vibration to produce and to amplify its Stokes mode partner.
Except for the fact that Q is a nonoptical wave, the Raman process is analogous to the singly resonant parametric oscillator. The pump, signal, and idler waves of the parametric oscillator correspond to the pump, vibration, and Stokes waves of the Raman amplifier. In the parametric oscillator, the signal wave frequency is fixed by the resonator. In the Raman amplifier, the vibrational frequency is fixed by its natural resonance. An equivalent set of coupled mode equations for the parametric oscillator have been developed and analyzed by Harris [6] - [ 8 ] .
The coupled mode equations have steady-state solutions whenever the laser pulsewidth T~ >> ( A w~) -l .
In the steadystate limit, it is possible to define an on resonance Raman sus-
The steady-state solutions of (14) and (1 6 ) reveal that
With this definition, the steady-state coupled pump and Stokes equations have the form
If we restrict ourselves to two pump and two Stokes modes, the coupled mode equations reduce to the more familiar coupled equations that describe four wave mixing given by [ 101 (26)
B. Steady-State Solutions to the Coupled Mode Equations
The coupled mode equations can now be used to examine the effect of the pump and Stokes spectrum on the steadystate Raman gain. Since we are interested in developing equations for the small signal Raman gain, saturation of the population difference and depletion of the pump are neglected (a$,,/az = 0). Several cases are now examined and compared. The Stokes wave grows exponentially with power gain coefficient:
where Ip is the pump intensity and q, f l/np d a . For H 2 in the infrared, far from any dipole transitions x: is essentially independent of wavelength. Therefore, g, a (A,)-' . It is instructive to compare the single mode gain to the multimode gain derived next.
2) Multimode Case-No Dispersion:
In the multimode dispersionless case Ak, = 0, and the coupled mode equations simplify to Upon examination of this equation, it is apparent that the summation, and hence the gain, are maximized whenever @pn -@sn = q50 is constant for all n. Under this constraint, the rate of growth of the power in the 4th mode is
The rate of growth of the time averaged Stokes intensity & is found by summing over all modes:
(31) where 7 7 , f 1 In, d G . This can be cast in a different form for comparison with the single mode result:
The term in brackets is defined to be a gain reduction factor p.
With this definition
where g, is the single mode Raman gain. Except for the factor p, the multimode Stokes gain is identical to the single mode gain.
As a special case, suppose that the pump and Stokes amplitude are proportional to the same distribution function:
The conclusion is that in the dispersionless case, as long as the pump and Stokes waves have the same spectral distribution, the multimode gain is the same as the single mode gain. The phase and amplitude constraint for maximum gain can be expressed concisely by the requirement that where Z(z) is a complex constant independent of n.
Ordinarily, the Stokes input to a Raman gain cell is provided by blackbody radiation and spontaneous Raman scattering. Only the noise component with the correct frequency and phase will see significant amplification. The Stokes spectrum that exits the cell automatically matches itself to the input pump spectrum to optimize its gain.
If a cavity is used to resonate the Stokes wave, then the Stokes frequencies are restricted to the cavity resonance. Unless the pump laser and Stokes resonator lengths are properly matched, the Raman gain is reduced.
We 3 ) Multimode Case-With Dispersion: When dispersion is included, the coupled mode equations become more complex. Recalling (25a), we have
where Akn is the k vector mismatch of the nth mode. As in the dispersionless case, the summation, and hence the gain, are maximum when the Stokes and pump mode pairs all have the same relative phase. Unfortunately, this phase relationship is destroyed by group velocity dispersion as the waves propagate through the medium.
With this in mind, we may define a coherence length or length over which large gains are observed by If the pump laser bandwidth is much less than Av,,,, then the effect of dispersion can be ignored and the gain is maximized.
As an example, the acceptance bandwidth in Hz can be cornputed from dispersion data [ 111. In a 100 m long, 1 atm Hz cell pumped at 1.06 pm, the acceptance bandwidth of Q (1) vibrational transition is 39 cm-' . The S(1) rotational transition has an acceptance bandwidth of 220 cm-' . For a 20 atm, 1 m long cell, the acceptance bandwidths are increased by a factor of 5 so that laser pump linewidths are negligible even for broad-band dye laser pump sources.
For noncollinear propagation of Stokes and pump waves, the acceptance bandwidth is narrcwed considerably. For example, in backward Raman scattering, in which the pump and Stokes waves travel in opposite directions, (44) Suppose that we allow the Stokes wave to detune itself from resonance by an amount A w R / 2 to minimize the k-vector mismatch. This small detuning does not appreciably lower the gain. The maximum k-vector mismatch becomes 1 Ak,,, E -(np f n,) (AWL -AoR); C the acceptance bandwith is reduced to For the Hz gas example, the acceptance bandwidth for both rotational and vibrational backward Raman gains is approxinntely AvR .
The effect of group velocity dispersion on Raman gain can also be analyzed in the time domain. If the pump and Stokes wwce consist of single pulses, the differences in group velocities cause the pulses to drift apart as they propagate and thus reduce the net Raman gain.
When dispersion cannot be ignored, the coupled mode equations can still be solved in much the same manner as before. ' The power in the qth Stokes mode is given by Once again, consider the Gaussian spectral distributions:
The growth of the Stokes intensity is given by (52):
The term in brackets is g,, the single mode steady-state gain (28). As expected, when Ak + 0, this reduces to the previous dispersionless result. The gain equation can be integrated to determine the total gain:
The solution is An effective gain length can'be defined as -\/;;no fic
Not surprisingly, this is approximately equal to the coherence length defined by (42).
In summary, it has been shown that within the limits set by dispersion in the Raman medium, Raman gain is independent of pump laser bandwidth. It has also been shown that the bandwidth of the generated Stokes wave is identical to the bandwidth of the pump. The pump bandwidth independence of Raman gain has been verified by experiments with a variable bandwidth Nd :YAG laser. These results are presented in the next section.
EXPERIMENTAL INVESTIGATION

A . Apparatus
The experimental apparatus used in making the Raman threshold measurements is shown in Fig. 1 . The apparatus consists of an Nd:YAG laser pump source, a Fabry-Perot interferometer for monitoring the pump laser linewidth, a 25 transit Raman gain cell, a monochromator and filters for selecting the Stokes frequency, and a detector.
The Nd:YAG laser was Q-switched and operated in an unstable resonator configuration [12] .
Single mode operation was achieved by applying three techniques. First, a 10 mm thick, 55 percent reflectivity and a 3.2 mm, 65 percent reflectivity etalon were inserted into the laser resonator to provide frequency selectivity. Second, to eliminate spatial hole burning effects, quarter wave plates were placed around the rod [13] . Third, the laser was allowed to prelase at a low level before the Q-switch was fully opened to provide many transits through the line narrowing etalons. Without the line narrowing elements in the cavity, the laser produced up to 100 mJ with 0.5 cm-' bandwidth in an 8 ns pulse. With the line narrowing elements in the cavity, the etalon insertion loss reduced the output energy to about 50 mJ. The single mode laser is described in detail in another paper [ 141.
A small portion of the laser output was focused through a Fabry-Perot interferometer. The free spectral range of the interferometer was chosen to be either 0.1 or 1 cm-' , depending on the bandwidth of the laser. The 0.1 cm-' interferometer had a resolution of 0.003 cm-', which was sufficient to resolve a single axial mode of the laser.
The output ring pattern was then imaged onto an IR-sensitive vidicon tube for observation on a TV screen.
The laser linewidth was continuously monitored during the Raman threshold measurements. Its purpose is to keep the laser focused to a high intensity over a long distance to maximize the Raman gain. The optical transmission of the cell was measured and found to be 44 percent at 1.06 pm.
Alignment of the cell was easily accomplished. The laser was first carefully mode matched with a telescope and 9 m focusing mirror and was then steered into the cell. When operated at full power, the YAG laser generated enough visible anti-Stokes radiation to allow visual observation of the beam. During the alignment procedure, an elliptical pattern of antiStokes spots could be seen on the copper mirrors through observation ports. The beam could then be walked into proper position by iteratively tilting the external steering mirrors.
Laser input power to the cell was regulated by crossing calcite polarizers. Alternative methods of varying the laser pumping energy was unsatisfactory because they also changed the thermal focusing of the YAG rod and the Q-switched pulsewidth.
The output of the multipass cell was directed into a screen room where filters and a $ in meter monochromator were used for the selection of the Stokes frequency components. The rotational Stokes shift at 1.1 3 .pm was detected with a silicon diode. The vibrational Stokes shift at 1.9 pm was observed with an HgCdTe detector. The acceptance bandwidth for Raman gain [defined by (43)] also depends upon pressure. However, in the 0-8 atm range, the minimum values of 28 cm-' for S(1) and 4.9 cm-' for Q( 1) are much greater than the maximum laser bandwidth of 0.5 cm-'. We, therefore, expect the 0.5 cm-' threshold energy to be the same as the single mode threshold energy.
B. Experimental Results
) Threshold Versus Pump Laser
Figs. 2 and 3 show the measured dependence of the rotational S ( l ) and the vibrational Q(1) threshold on Hz pressure and bandwidth. In both the rotational and the vibrational case, the single mode threshold was found to be about 10-20 percent higher than the multimode threshold. This can be attributed to mode distortion caused by beam walk-off due to the tilted etalons used for linewidth control. The beam distortion, which is not present in the multimode laser, causes the focused pump intensity to decrease for a given pump power and, therefore, raises the threshold energy. Aside from this minor difference, Raman gain is independent of laser linewidth, as expected. Akhmanov et al. [2] observed similar results in a broad-band dye laser pumped liquid nitrogen stimulated Raman experiment.
Since the Raman gain g, a N/AuR where N is the Hz number density and AuR is the Raman linewidth, the expected dependence of Raman gain on pressure can be determined. For pressures above 0.1 atm, the linewidth can be accurately described as the sum of diffusion limited or Dicke narrowed linewidth and a pressure broadened linewidth [ 181, [ 191 : where Do is the self-diffusion coefficient at 1 amagat of density, p is the density, and B is the pressure broadening coefficient.
Since density is proportional to pressure, the threshold power should have the following dependence upon pressure:
where A and C are constants. The solid lines in Figs. 2 and 3 are least squares fits of the threshold data to a function of this form.
2 ) Threshold Versus Pulsewidth: The second set of measurements examined the dependence of Raman gain on laser pulsewidth. Raman gain is in the transient regime whenever width is varied, it is possible to observe the transition to the lower gain transient regime.
The Q-switched pulsewidth can be varied over a limited range by varying the laser pump energy. Fig. 4 shows the threshold power versus the full width at half maximum (FWHM) laser pulsewidth for Q(1) at 8 atm and S(1) at 0.91 atm. The pressures and transitions are chosen to provide a large range in Raman linewidth. Thus, (2nAuR)-' is approximately 1 ns for S(1) at 0.97 atm and approximately ns for Q(1) at 8 atm. Fig. 4 indicates that the vibrational Raman gain is in the transient regime for pulses shorter than 15 ns. Rotational Raman gain is in the transient regime for the longest pulses measured at 20 ns. In interpreting these results, it should be remembered that Raman gain is highly nonlinear in laser power. The highest gain is produced near the peak of the laser pulse in a time interval much shorter than the Q-switched pulse FWHM.
IV. SUMMARY AND CONCLUSIONS
A set of coupled mode equations has been used to make predictions about the dependence of Stokes gain upon pump and Stokes bandwidth. First, within limits set by group velocity dispersion, Raman gain is independent of pump laser bandwidth. Second, the bandwidth of the Stokes signal generated from noise is identical to that of the pump. Third, any attempt to narrow the Stokes bandwidth without also narrowing the pump bandwidth lowers the gain.
We experimentally verified the pump bandwidth independence of Raman gain in Hz pumped by an Nd:YAG laser. As expected, the threshold was found to be the same for a 0.5 and a 0.003 cm-' pump bandwidth.
